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BACKGROUND COHOMOLOGY OF A NON-COMPACT KAHLER 

G-MANIFOLD 

MAXIM BRAVERMANl^ 



Abstract. For a compact Lie group G we define a regularized version of the Dolbeault coho- 

^ ' mology of a G-equivariant holomorphic vector bundles over non-compact Kahler manifolds. The 

pL^ , new cohomology is infinite-dimensional, but as a representation of G it decomposes into a sum 

of irreducible components, each of which appears in it with finite multiplicity. Thus equivariant 
^Sj , Betti numbers are well defined. We study various properties of the new cohomology and prove 

that it satisfies a Kodaira-type vanishing theorem. 

o' 

c^ ■ 1. Introduction 



If iiJ is a holomorphic vector bundle over a compact Kahler manifold, the Dobeault cohomol- 
ogy H^'*{M,E) is finite dimensional and has a lot of nice properties. If M is non-compact, 
H^''{M, E) is infinite dimensional space and much less is known about it. In this paper we 
^^ ■ consider a Hamiltonian action of a compact Lie group G on a non-compact manifold M and 

251 ■ assume that E is a G-equivariant holomorphic vector bundle over M. If the moment map /i for 

\^ ', this action is proper and the vector field induced by fi does not vanish outside of a compact 

^T) \ subset of M, we construct a new regularized Dolbeault cohomology space H^''{M,E), called 

C^ ' the background cohomology of E. It is still infinite dimensional. But as a representation of G 

it decomposes into a direct sum of irreducible components and each component appears in this 
decomposition finitely many times: 



><| <g^(M,i?) = Yl /3bg,y^> p = 0,...,n. (1.1) 

C^ ! VelTT G 

The alternating sum of the background cohomology is equal to the regularized index of the pair 
{E,n) which was introduced in [3] (see also [18], [15] for more details and ^4j for an application 
of the regularized index to a proof of a conjecture of Vergne [22J). 

The background cohomology (jl.ip behaves in many respects as the Dolbeault cohomology of a 
compact Kahler manifold. In Section |8] we prove an analogue of the Kodaira vanishing theorem 
for the regularized cohomology. In a separate paper [1] we specialize to the case when G = S^ 
is a circle group. In this case we prove an analogue of the holomorphic Morse inequalities of 
Witten [23] (see also [24] )• 
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1.1. The assumptions. The construction of the background cohomology in this paper is done 
under the fohowing two assumptions: 

(i) The moment map /i is proper; 

(ii) Via a G-invariant scalar product on the Lie algebra g of G, /U induces a map v : M — )• g. 
Let V denote the vector field on M associated to this map, cf. (13. 2p . We assume that 
this vector field does not vanish outside of a compact subset K of M. 

The assumption (i) above is rather restrictive. It excludes, for example, the action of the 
circle group S^ on C", which has both positive and negative weights. Unfortunately it is not 
clear how to define the regularized cohomology without this condition for the general compact 
Lie group G. However, in [1] we consider the case when G = S*^ is a circle group and in this case 
extend the definition of the background cohomology to the situation when the moment map is 
not necessarily proper. 

1.2. The deformed cohomology. A smooth strictly increasing function s : [0,cxd) — )- [0, oo) is 
called admissible if it satisfies a rather technical growth condition at infinity, cf. Definition 14.81 
For an admissible function s we set 

c^{x) := s(|/i(x)|V2) x£M, 

and consider the deformed Dolheault differential 

d, = e-'^odoe^. 

We view ds as a densely defined operator on the space L2^^'^{M, E) of square-integrable differ- 
ential forms with values in E and we define the deformed Dolheault cohomology Hs''{M,E) as 
the reduced cohomology of ds : 

^0^ ^ Ker {ds : L^l^^'^M, i^) ^ L2^^^p+\M,E)) 

lm{ds: L2n'^'P-^{M, E) -^ L2n^'P{M, E) ) ' 

The space Hs '^{M, E) decomposes as a sum of irreducible representations of G. In Theorem 15. Ill 
we show that 

H^'P{M,E) = Yl ^iv-y- 

VeiTT G 

In other word, each irreducible representation of G appears in Hs'^{M, E) with finite multiplicity. 
We set 

H'^:^{M,E) := alyV, 

and call it the V -component of the deformed cohomology. 

1.3. The background cohomology. The multiplicities /3g ^ are non-negative integers, which 
depend on the choice of the admissible function s. The function s is called V -generic if the value 
of /3g y is the minimal possible. Theorems 15.71 and 15.91 show that for any two ^/-generic functions 
si and S2 the F-components H^'^y{M,E) and H^'-^y{M,E) of the deformed cohomology are 
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naturally isomorphic. Thus we can define the ^-component H^'^y{Ai^E) of the background 
cohomology as Hjy{M,E) for some ^-generic function s. 

The background cohomology of E is by definition the direct sum 

<;f(M,i?) := Y. Hlly{M,E). 

Velrr G 

1.4. Kodaira-type vanishing theorem. Let L be a positive G-equivariant line bundle over 
M. In Section [8] we prove the following extension of the Kodaira vanishing theorem to our 
non-compact setting: for every irreducible representation V oi G there exists a integer A^q > 0, 
such that for all k > ko the ^-component of the background cohomology 

H^^^y{M,E(^L^>^) = 0, 

for all p > 0. 

1.5. The organization of the paper. This paper is organized as follows: In Section [2] we 
introduced some notations used in the rest of the paper. In Section [3] we recall some results 
about the index theory on non-compact manifolds constructed in ^ . In Section 2] we introduce 
the notion of an admissible function and show that the set of admissible functions is a non-empty 
convex cone. By technical reasons we also extend our construction to manifolds which are only 
asymptotically Kahler. In Section [5] we define the background cohomology. We also compute 
the background cohomology in a simple but important example. In Sections [6] and [7] we prove 
that the background cohomology is independent of all the choices made in the definition. In 
Section [8] we prove a Kodaira-type vanishing theorem for the background cohomology. 

Acknowledgment. I am grateful to the referee for correcting several mistakes and misprints 
in the preliminary version of this manuscripts and for many useful remarks and suggestions. 

2. Preliminaries and notations 

2.1. Complex manifolds. Throughout the paper M denotes a complex manifold without 
boundary endowed with a Riemannian metric g , such that the complex structure 

J : TM -^ TM 

is an anti-symmetric operator, J* = —J. The complexification TM ®<C of TM decomposes into 
the direct sum of the holomorphic and the antiholomorphic tangent bundles: 

TM®C = T^'^M ®T^'^M, 

where Jl^LOAf = «, J\to,im = ~^- Each vector v G TM has a unique decomposition 

V = z;i.o + v''\ t;i'0 G T^'^^M, v^^^ G T^^^M. 

Similarly, the cotangent bundle T*M decomposes as 

T*M^C = {T^'^M)* ®{T°'^My. 
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Let / : TM -^ T*M denote the isoniorphism defined by the Rieniannian metric g . Then 
for any two vector fields u and ti on M we have 

luiv) = g''{u,v). (2.1) 

Notice that 

/(r^'°M) = (T°'^Af)*, I{T^^^M) = (T^'^M)* 

For a smooth function / : M — )• C we write 

Of = /(V/O'i), ~df = /(V/i'°). (2.2) 

Then the de Rham differential d = d + d. 

2.2. Hamiltonian group action. Suppose now the the metric g^^ is Kahler and let cj denote 
the Kahler form on M. Our sign convention is that 

uj{u,Jv) = g{u,v). 

From ()2.ip we see that 

Lu^ = I{Ju), u G TM. 

Assume that a compact Lie group G acts on M preserving the complex structure J and the 
Riemannian metric g^^ . Let g denotes the Lie algebra of G. 

A vector u G g generates a vector field 

um{x) := — I^^Q exp(fu) -x, x € M, (2.3) 

on M. The action of G on M is Hamiltonian if their exists a moment map /i : M — )• g* such 
that 

d{n,u) = Luj^jUJ = I{Jum)- (2.4) 

Equivalently, 

UM = -JV(Ai,u). (2.5) 

Using (|2.2|) we obtain 

u\f = -ir^d{fi,u), u°'i = ir^d{fi,u). (2.6) 

2.3. The ClifTord action and the Dirac operator. Let A°'* := A'{T°'^M)* denote the 
bundle of antiholomorphic forms over M. It is endowed with a natural Clifford action of TM ~ 
T*M, defined by 

c{v)a = V2{lv^^^Aa - t^o.ia). (2.7) 

Let E be holomorphic vector bundle over M. We extend the Clifford action ()2.7p to the tensor 
product 

£ := ^(g)A'(r°'iM)* (2.8) 

The space of smooth section of S is denoted by Q^'*{M,E) and is called the space of antiholo- 
morphic differential forms on M with values in E. The holomorphic structure on E defines the 
antiholomorphic differential d : ^'^'*{M,E) — )• il'^'*+^(M, i?) and, hence, the Dolbeault complex 

0^n^fi{M,E) A n°'\M,E)^ ^[7°'"(M,^) ^0. 
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The cohomology of this complex is called the Dolbeault cohomology of E and is denoted by 
H^''{M,E). 

Fix a Hermitian metric h and a holomorphic connection V on E. The metrics g and h 
define the L^-metric on n°'*{M,E). Let 

d* : Q°'*{M,E) -^ n°'—\M,E) 

denote the adjoint operator of d with respect to this metric. We consider the Dolheault-Dirac 
operator 

D = V2{d + d*) : n'^''{M,E) -^ 0°''(M,£^). (2.9) 

If M is a closed manifold then the kernel of D is naturally isomorphic to the Dolbeault coho- 
mology H^''{M,E). 

If the metric g is Kahler, then D coincides with the Dirac operator associated with the 
Clifford action (|2.7p and the connection V^, cf. [H Prop. 3.67]. More precisely, let 

V^ = V^®1 + 1(»V^^: n°^'{M,E) -^ n°''{M,E) (2.10) 

denote the connection on £ defined as the tensor product of V and the Levi-Civita connection 
V^^ on TM ~ T*M. Then 

n 

D = ^c{e,)Vi, 
where {ei, . . . , 6^} is an orthonormal basis of TM. 

3. Index on non-compact manifolds 

In this section we recall the construction of the analytical index of a Dirac operator on a 
non-compact manifold M, which was introduced in [3j and further studied in [15]. It was also 
shown in [3,j that this analytical index is equal to the topological index of a transversally elliptic 
symbol studied in |18] . This index was used by X. Ma and W. Zhang [14] in their proof of a 
conjecture of M. Vergne [22]. 



3.1. Clifford modules and Dirac operators. First, we recall the basic properties of Clifford 
modules and Dirac operators. When possible, we follow the notation of [l]. 

Suppose {M,g^^) is a complete Riemannian manifold without boundary. Let C{M) denote 
the Clifford bundle of M (cf. [U §3.3]), i.e., a vector bundle, whose fiber at every point x £ M 
is isomorphic to the Clifford algebra C{T*M) of the cotangent space. 

Suppose £ = E^ © E~ is a Z2-graded complex vector bundle on M endowed with a graded 
action 

(a,s) ^ c{a)s, where a G r(M, C(M)), s G r(M,f ), 

of the bundle C{M\ We say that i5 is a (7j2-graded self-adjoint) Clifford module on M if it is 
equipped with a Hermitian metric such that the operator c{v) : £x ^ ^x is skew-adjoint, for all 
xe M andve T*M. 
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A Clifford connection on £^ is a Hermitian connection V^ , which preserves the subbundles £^ 
and 

[V|,c(a)] = c(V^^a), for any a £ T{M,C{M)), X £T{M,TM), 

where V^^ is the Levi-Civita covariant derivative on C{M) associated with the Riemannian 
metric on M. 

The Dirac operator D : T{M, £) — )• r(M, £) associated to a Chfford connection V^ is defined 
by the fohowing composition 

T(M,£) — ^ T{M,T*M®£) —^ T{M,£). 

In local coordinates, this operator may be written as D = ^ c((ix*)V|.. Note that D sends 
even sections to odd sections and vice versa: D : T{M,£^) — )• T{M,£^). 

Consider the L^-scalar product on the space of sections T(M, £) defined by the Riemannian 
metric on M and the Hermitian structure on £. By [H Proposition 3.44], the Dirac operator 
associated to a Clifford connection V^ is formally self-adjoint with respect to this scalar product. 
Moreover, it is essentially self-adjoint with the initial domain smooth, compactly supported 
sections, cf. 0, [9l Th. 1.17]. 

3.2. Group action. The index. Suppose that a compact Lie group G acts on M. Assume 
that there is given a lift of this action to £, which preserves the grading, the connection, and 
the Hermitian metric on £. Then the Dirac operator D commutes with the action of G. Hence, 
Ker £) is a G-invariant subspace of the space L'^{M,£) of square-integrable sections of £. 

If M is compact, then Kev D is finite dimensional. Hence, it breaks into a finite sum 
Ker D^ = X^ygji-r g ''^v ^' '^here the sum is taken over the set Irr G of all irreducible represen- 
tations of G. This allows one to defined the index 

indciD) = Yl irn+-my)-V, (3.1) 

yeirr G 
as a virtual representation of G. 

Unlike the numbers niy, the differences rriy—my do not depend on the choice of the connection 

V and the metric h . Hence, the index indG(-D) depends only on M and the equivariant Clifford 
module £ = £^ (B £^ ■ We set mdG{£) ■= indG(-D),and refer to it as the index of £. 

3.3. A tamed non-compact manifold. In [3j we defined and studied an analogue of (jS.lh for 
a G-equivariant Clifford module over a complete non-compact manifold with an extra structure. 
This structure is given by an equivariant map v : M — t- g, where g denotes the Lie algebra of G 
and G acts on it by the adjoint representation. By (12. 3p v induces a vector field v on M defined 

by 

v{x) :=v(x)m = -t: _ exp (tv(a;)) • x. (3.2) 

Definition 3.4. Let M he a complete G-manifold. A taming map is a G-equivariant map 

V : M — )• g, such that the vector field v on M , defined by (|3.2p . does not vanish anywhere 
outside of a compact subset of M. If v is a taming map, we refer to the pair (M, v) as a tamed 
G-manifold. 
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//, in addition, £ is a G-equivariant Z2-graded self-adjoint Clifford module over M , we refer 
to the pair (<?, v) as a tamed Clifford module over M. 

The index we are going to define depends on the (equivalence class) of v. 

3.5. A rescaling of v. Our definition of the index uses certain rescaling of the vector field v. 
By this we mean the product f{x)v{x), where f : M ^ [0,oo) is a smooth positive function. 
Roughly speaking, we demand that f{x)v{x) tends to infinity "fast enough" when x tends to 
infinity. The precise conditions we impose on / are quite technical, cf. Definition 13.61 Luckily, 
our index turns out to be independent of the concrete choice of /. It is important, however, to 
know that at least one admissible function exists. This is this is proven in Lemma 1.7 of [3j. 

We need to introduce some additional notations. 

For a vector u G g, we denote by £^ the infinitesimal action of u on T{M,£) induced by the 
action on G on £. On the other side, we can consider the covariant derivative V„ : T{M,£) — )• 
T{M,£) along the vector field u induced by u. The difference between those two operators is a 
bundle map, which we denote by 



/^ 



u) := Vi-Ci G End£:. (3.3) 



We will use the same notation | • | for the norms on the bundles TM,T*M,£. Let End (TM) 
and End {£) denote the bundles of endomorphisms of TM and £, respectively. We will denote 
by II • II the norms on these bundles induced by | • |. To simplify the notation, set 

1/ = |v| + llV^^ull + ||/i^(v)|| + |t;| + 1. (3.4) 

Definition 3.6. We say that a smooth G-invariant function / : M — )■ [0, cxd) on a tamed G- 
manifold (M, v) is admissible for the triple (<?, v, V^) if 

/2|i;|2 
MSx^oo 1^/11^1 +/z^ + 1 

By Lemma 1.7 of f3] the set of admissible functions is not empty. 

3.7. Index on non-compact manifolds. We use the Riemannian metric on M, to identify 
the tangent and the cotangent bundles to M. In particular, we consider t; as a section of T*M. 
Let / be an admissible function. Consider the deformed Dirac operator 

Df^ = D + icifv). (3.6) 

This is again a G-invariant essentially self-adjoint operator on M, cf. the remark on page 411 

of i6j. 

One of the main results of [3] is the following 

Theorem 3.8. Suppose f is an admissible function. Then 

1. The kernel of the deformed Dirac operator Df^ decomposes, as a Hilhert space, into an 
infinite direct sum 

KerD± = j; m±.y. (3.7) 

VGirr G 
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In other words, each irreducible representation of G appears in KeiD. with finite multiplicity. 
2. The differences my — my {V G Irr G) are independent of the choices of the admissible 
function f and the G-invariant Clifford connection on E, used in the definition of D. 

Following [3], we refer to the pair (D, v) as a tamed Dirac operator. The above theorem allows 
to define the index 

indG(-D,v) := mdc {Dfy) 

using (|3.ip . 

4. Tamed asymptotically Kahler manifold 

In this section we first formulate the assumptions on a manifold under which the background 
cohomology is constructed in the next section. We then define the notion of an admissible 
function, which will be used in the construction of the regularized cohomology. The main result 
of this section is that the set of admissible functions is a non-empty convex cone, cf. Lemmas 14. Ill 
and [4321 

4.1. Asymptotically Kahler manifolds. Let {M,g ) be a complex Riemannian manifold 
without boundary. 

Definition 4.2. We say that {M,g ) is asymptotically Kahler if there exists a compact subset 
K C M , such that the restriction of g to M\K is a Kahler metric. 
We refer to M\K as the Kahler part of M . 

From now on we assume that {M,g ) is asymptotically Kahler. 

4.3. Asymptotically Hamiltonian group action. Suppose a compact Lie group G acts holo- 
morphically on an asymptotically Kahler manifold M. 

Definition 4.4. We say that a holomorphic action of G on an asymptotically Kahler manifold 
{M,g ) is asymptotically Hamiltonian if there exists a G-invariant compact subset K C M, 
such that M\K is a Kahler manifold and the restriction of the action of G to M\K is Hamil- 
tonian. In other words we assume that there exists a moment map jj, : M\K — )■ g* such that for 
every u G g 

(i(/x,u) = i(uAf)w, 

where to G ^'^{M\K) is the Kahler form on M\K and uj\/ is the verctor field defined in ()2.3p . 

4.5. Tamed asymptotically Kahler manifolds. Fix an invariant scalar product (•,) on g* 
and let |//p denote the square of the norm of fi with respect to this scalar product. This scalar 
product defines and isomorphism -0 : g* — t- g and we denote 

v(x) := i}{^x{x)) eg. (4.1) 

Consider the vector field 

v{x) := -JVM^ (4.2) 
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on M . By ()2.5p . the restriction of v to M\K is equal to the vector field vm generated by v, cf. 
(I23D. 



Definition 4.6. A tamed complex manifold is a complete asymptotically Kdhler m,anifold 
{M,g ) together with an asymptotically Hamiltonian action of the group G, such that 
(i) the moment map n is proper; 

(ii) the vector field ()4.2p does not vanish outside of a compact set. 
If, in addition, the metric g^^ is Kdhler everywhere on M, then we refer to {M,g^^) as a 
tamed Kahler manifold. 

4.7. Rescaling. Let us choose a G-equivariant extension /I : M — )• g* of the moment map 

H : M\K -^ R. As in (gH), (|M]) we set 

v(x) := 4^{Jl{x)) G0, v{x) := -JV^^|^, x £ M. (4.3) 

Our definition of the regularized cohomology uses certain rescaling of the function |/Ip/2. By 
this we mean the function 

cPix) := s{\Jl{x)\^/2), (4.4) 

where s : [0, cxd) — )- [0, oo) is a smooth positive strictly increasing function satisfying certain 
growth conditions at infinity. Roughly speaking, we demand that (/>(x) tends to infinity "fast 
enough" when x tends to infinity. The precise conditions we impose on (p are quite technical, 
cf. Definition 14.81 but our construction turns out to be independent of the concrete choice of 4>. 
It is important, however, to know that at least one admissible function exists. This is proven in 
Lemma 14.111 below. 

The construction of the rescaling in this section is an adaptation of the rescaling procedure 
for a taming vector field in [3J. In particular, the condition we impose on the rescaling function 
s is similar to the one in Section 2.5 of [S\, see also Definition 13.61 above. To formulate it we use 
the notation of Subsection 13.51 More precisely we consider a G-equivariant holomorphic vector 
bundle E over M endowed with a G- invariant holomorphic connection V . Fix a Hermitian 
metric h^ on E. Consider the bundle £ = E (^ A*(r^'^M)* and endow it with the Hermitian 
metric induced by h^ and g^ . Let V^ denote the connection on £ induced by V^ and the 
Levi-Civita connection on TM, cf. (j2.10p . Then we define the function v by (13. 4p . 

Definition 4.8. A smooth function s : [0, oo) — t- [0, oo) is called admissible for the quadruple 
{M,g^^,E,h^) if s'{r) > and the function 

fix) := s'{\Jl{x)f/2) (4.5) 

satisfies the following condition 

M9x^oo \df\\v\+ fu + 1 

We denote hy F = J-{M, g^ ,E, h^) the set of admissible functions for {M, g^^ , E, h^) 
Clearly, the above definition is independent of the choice of the extension /I of /U. 
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Remark 4.9. The condition (14. 6 p on / is exactly the same as (13. Sh . Notice however that while in 
(|3.5p / was an arbitrary G-invariant function now we demand that / is a function of the square 
of the moment map. In fact, the assumption (i) of Definition 14.61 implies that M is a manifold 
with a cylindrical end. More precisely, there exists a compact set K C M and a diffeomorphism 

$ : M\K — ^ iV X [l,oo), $(x) = (y,t), x £ M, y £ N, t G [l,oo) 

with t = l/ip/2. Thus we now require that the restriction of / to the cylindrical end depends 
only on the coordinate t. 

Remark 4.10. Suppose hf < /if' are two Hermitian metrics on E. Then it follows immediately 
from the definition that J='{M,g^^ ,E,h^) C J='{M,g^^ ,E,hf). 

Lemma 4.11. Given a holomprphic Hermitian G-equivariant vector bundle {E,h ) over a 
tamed asymptotically Kdhler manifold {M,g^), the set T = F{M,g^ ,E,h^) of admissible 
functions is not empty. Moreover, for any function k : [0, oo) — )• [0,oo) there exists an admissible 
function s £ J- such that s{t) > K{t) and s'{t) > K{t) for all t > 0. 

Proof. Choose a smooth function r : [0, oo) — )• [0, oo) such that 

(i) r{t) > K{t) for all t > and limi_^oo r(t) = oo; 
(ii) r'{t) > and liuit-jfoo r'{t) = oo; 
(iii) r"{t) > for all t > 0. 

Since Jl is proper the set {x £ M : \'il{x)\ = t} is compact. Set 

a{t) = min{|?j(x)p: \Jl{x)\=t}; 

b{t) = Taax{\djl{x)\\v{x)\ + iy{x) + 1 : |/i(x)|=t}. 

Since v{x) 7^ outside of a compact set, we conclude that a{t) ^ for large t. Hence, we can 
choose a smooth strictly increasing function c : [0, 00) — t- [0, 00) which increases fast enough so 
that 

(i) c{t) > K{t) and limt^.oo c(t) = 00; (4.8) 

(ii) the function c{t)e~^ > 1 and is strictly increasing; 

(h:) ^hm cit) 11 = 00. (4.9) 

(iv) c(t) > -y- for all t > 0. (4.10) 

r"{t) 

Then from (ii) we conclude that for t < t 



Hence, 



1 e*-^ 
c{t) ^ c{t)- 




■^ dT 1 f^ t r , 

c(r) - c{t) I 


1 
c{t) 



(4.11) 
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Set 

sit) = r(0) + / ^^ du. 

Then s'{t) > for all t > 0. We will show that s{t) G T. 
First, using (j4.1ip we obtain 

^'(*) = roo^ dr ^ <*) ^ °°' as t^oo. (4.12) 

Jt c(7) 

In particular, s'(t) > c{t) > 1 for large t. It follows that 

\s"it)\ = ^''^'\, = ^ > s'{t) > 1. (4.13) 

\s"{t)\ + .'(t) + 1 < 3\s"{t)\ = ^^. (4.14) 

Using (I4.14p . and the definition (14. 7j) of the functions a{t) and b{t) we conclude that for all 
X £ M with Jl{x) = t {\t\ » 1) we have 

f\v\^ _ s'{Jl)^\v\^ a{t) s'itf 



Hence, 



\df\\v\ + \f\u + l \s"{jl)\\djl\\v\ + \s'{]l)\u + l - b{t) \s"{t)\ + \s'{t)\ + l 

a{tl s'jtf ^ 1^ .,^ 

- h{t) ?,s'{tY/c{t) 3 h{t) ^'' 

By (j4.9|) the right hand side of the above inequality tends to infinity as t — )• oo. Hence, s{t) is 
an admissible function. 

From (|4.8p and (j4.12p we conclude that s'{t) > K(t) for all t > 0. It remains to show that 
s{t) > K{t). From ([iTTU]) we obtain 

1 r"{t) _ d 1 



c{t) - r'{ty dt r'{t)' 

Hence, 



oo ^ ^ 

dr < 



It c{t) - r'{t) 
and 

s{t) = r(0) + / -j^^^du > r{t) > /.(t). 

•^0 Ju cir) 



n 



Lemma 4.12. Suppose si and S2 are admissible functions for the quadruple {M,g ,E,h ). 
Then for any positive real numbers ti,t2 > the function s := tisi + t2S2 is admissible. Thus, 
the set T = J-{M, g ,E, h ) of admissible functions is a convex cone. 
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Proof. Let si, S2 be admissible functions and let s = tisi + t2S2- Set 

fix) := s'{\Ji{x)\'/2), f,{x) := s[{\Ji{x)\^ /2), i = 1,2. 
Then / = ii/i + ^2/2- Since /i, /2 > we have 

Also 

|d/||t;| + |/|i/ + l < ti(|(i/i||7;| + |/i|z. + l) + t2{\df2\\v\ + \f2W + l) 

< (ti + ts) • max { \dfi\\v\ + |/i|zy + 1, \df2\\v\ + l/ajz^ + 1 }. 
Set 

T := LlL^^ > 0. 

tl+t2 

Then from (I4.15P and (I4.16P we obtain 

fM' > r\vmfl + fi) 



(4.16) 



I4flbl + 1/1^^ + 1 " max{\dfi\\v\ + \fi\u + 1 : i = 1,2} 



mm < , .„ ,, , — i-— - — - — : z = 1,2 



> T min <{ , „,, ' , ,\ : i = 1,2 

^ \dfM + \fiW + '^ 



Since 



hm — ^ 00 

MBx^oo \dfi\\v\ + Ifilu + 1 



for i = 1,2, we conclude from the last inequality that / satisfies (14. 6p . D 

5. The background cohomology of a tamed Kahler manifold 

From now on we assume that {M,g^^) is a tamed asymptotically Kahler manifold endowed 
with an asymptotically Hamiltonian action of a compact Lie group G and that ii^ is a G- 
equivariant holomorphic vector bundle over M. The purpose of this section is to define the 
backgraund Dolbeault cohomology H-^''{M, E). First we fix a Hermitian metric h on E and an 
admissible function s S J-{M,g^ ,E,h^), cf. Definition 14.81 ^ind use it to define a deformation 
ds of the Dolbeault differential, cf. (15. ip . We then define the deformed cohomology Hg' {M, E) 
as the reduced cohomology of dg. We use the results of [3] to prove that every irreducible 
representation of G appears in Hs'*{M,E) with finite multiplicity. Li other words, 



H^,''{M,E) = Y. Kvi^^^) 



VGlrr G 

where each H^y{M, E) is a finite dimensional representation of G, which decomposes as a direct 
sum of a finite number of copies of V. 

The function s is called V -generic if the dimension of H^'y{M, E) is minimal possible. The- 
orems [521 and [5i9] state that H^'y{M,E) is independent of the choice of the generic function 
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s and the Hermitian metric h . We define the background cohoniology H^'*{M,E) as the de- 
formed cohomology Hs''{M, E) for some choice of the metric h^ and the generic function s. We 
conclude this section with a computation of the background cohomology of C" endowed with 
the action of the circle group G = S^. 

5.1. Deformed Dolbeault differential. Let s : [0,C!o) — t- [0, oo) be an admissible function, cf. 
Definition 14. 8^ and set 

(l){x) := s(|/I(x)|V2), xeM. 

Consider the deformed Dolbeault differential 

d,a = e-^odoe^a = da + /a( |/u|V2) A a, (5.1) 

where, as in Definition 14. 8| / = s'(|/Ip/2). 

Let V be as in (|4.3p . Then from (|2.2|) we conclude that for x G M\K 

a(i/iiV2) = i/^''°. 

Hence 

5s a := da + if Iv^'^ A a, dla = d*a — if i{v^'^)a. 

The deformed Dolbeault-Dirac operator is defined by 

Ds = V2(a, + ~dl). (5.2) 

Comparing with (j2.7p and (j2.9p we now conclude that the restriction of Dg to M\K coincides 
with the deformed Dirac operator Dj^ defined in (j3.6p . Hence, 

Ds = Df^ + R, (5.3) 

where R is a zero-oder operator supported on K. 

5.2. Deformed Dolbeault cohomology. Let L2fl^'^{M,E) denote the space of square-integ- 
rable differential (0, p)-forms on M with values in Elj We view the operators 9s, 9*, Dg as densely 
defined operators on the space L20P''{M,E) and we define the deformed Dolbeault cohomology 
Hs''{M,E) of the triple {M,E,s) as the reduced cohomology of the deformed differential dg- 
Thus we set 

lm{ds: L2n<^'P-^{M, E) -^ L2^^^p{M, E) ) 

The space Hs'*{M,E) is naturally isomorphic to the kernel of the deformed Dirac operator Ds, 
cf., for example, [131 (3.1.22)]. From Theorem 13.81 and the equation (j5.3p we now obtain the 
following 



The space L2QP'''{M, E) depends on the metrics g'^^ and h^ . But we omit them from the notation for 
simphcity. 
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Theorem 5.3. Suppose s G T{M,g ,E,h ) is an admissible function. Then the deformed 
Dolbeault cohomology Hs'^(M,E) decomposes, as a Hilhert space, into an infinite direct sum 

H^'P{M,E) = Yl ^Iv-V- (5-5) 

yeirr G 

In other words, each irreducible representation of G appears in Hs'^{M, E) with finite multiplic- 
ity. 

For each irreducible representation V the finite dimensional representation 

is called the V -component of the deformed cohomology. Then 

H','P{M,E) = Yl Kv(M,E). 

VGlrr G 

From Theorems 13.81 and 15.31 and the equation (|5.3p we now obtain the following 

Proposition 5.4. Define £+ = £;®A°^<='^(rO'iM)*, £- = E(E)A°'^'^{T^^'^M)* . ThenS = £+®£^ 
is a graded vector bundle over M. Fix an admissible function s and set f = s'(|/Ip/2). Let 
Dfy : T{M,S) —7- r{M,£) be the Dirac operator (j3.6p and let niy be as in ()3.7p . Then, for 
every V G Irr G, 

n 

K-^v = E(-l)'/5r,y (5-6) 

i=i 

The numbers 0^y are non- negative integers, which depend on the choice of the admissible 
function s. 

Definition 5.5. The minimal possible value of /3^y is called the background Betti number and 
is denoted by /3^ y: 

Pl^y := Tain{fily: s' e F} (5.7) 

An admissible function s is called ^/-generic if 0^y = 0^ y for all p = 0, . . . ,n. 

5.6. Independence of the ^-generic function. The main results of this paper are the fol- 
lowing two theorems which show that the deformed cohomology is essentially independent of 
the choice of a generic function s ^ J- and the Hermitian metric h^ on E. 

Theorem 5.7. Let V £ Irr G be an irreducible representation of G. For any two V -generic 
admissible functions si,S2 € J-{M,g , E,h ) there exists a canonical isomorphism 

<,^ : Hl'y{M,E) -^ Hl'y{M,E), (5.8) 

satisfying the cocycle condition 

$^ o <l>^ = $^ (5 9) 

S2S2. S\S2 S1S3- V^"^7 

If T = S2 — Si > is an admissible function then the isomorphism ^YiS2 ^-^ induced by the 
map 

a ^ e-"(l'^l'/2) a, q G L2f)°''(M, ^). (5.10) 
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The proof is given in Section [6l 

5.8. Independence of the Hermitian metric. Suppose hf and hf are two Hermitian metrics 
on £^. By Remark [i?TU] 

T{M,g^,E,hf)nT{M,g''',E,hi) D ^(M,/^i?, /if + /if ) ^ 0. 

Thus there exists a function s : [0, oo) — )• [0, oo) which is admissible for both Hermitian metrics 
hf and /if. 

Theorem 5.9. Suppose hf {i = 1,2) are two Hermitian metrics on E. We denote by Ei the 
vector bundle E endowed with the metric hf . Let V (zlvx G and let s be a V -generic admissible 
function for both bundles Ei and E2. Then there is a natural isomorphism 

ej... : H'S(^,E,) -^ H''^y{M,E2), (5.11) 



satisfying the cocycle condition 



0k,?° ©):?.- = Ql?K?- (5-12) 



The proof is given in Section [71 

Theorems 15.71 and 15.91 iustifv the following 

Definition 5.10. If V £ Irr G, the ^/-component of the background cohomology H^'^y{M,E) 
of the triple {M,g^^ ,E) is defined to be the deformed cohomology H^y{M,E) for any Hermitian 
metric h^ and any V -generic function s. 

The background cohomology H^']i'{M,E) is the direct sum 

Hl^{M,E) := Y. Hlly{M,E). (5.13) 

V&lrr G 

Theorem 5.11. Define £+ = E(g) A'''"''' (T^'^M)*, £- = E(S)A°'^'^{T^'^M)* . Then£ = £+®£- 
is a graded vector bundle over M. Fix an admissible function s and set f = s'(|/Ip/2). Let 
Dfy : T{M,£) —7- T{M,£) be the Dirac operator (j3.6p and let ruy be as in ()3.7p . Then, for 
every V G Irr G, 

n 

m^-my = E(-l)'/3bg,y (5-14) 

i=i 

Proof. From Proposition 15.41 we conclude that (j5.14p holds if s is a ^-generic function. But 
from Theorem 13.81 2 it follows that the left hand side of (|5.14p is independent of the choice of 
an admissible function s. D 

5.12. An examples. We finish this section by computing the background cohomology in the 
following simple case. Suppose G = S^ is the circle group and M = C" endowed with the 
standard metric. We assume that G = S^ acts on C" by 

e'':{zi,...,zn) ^ {e-'^^'zi,...,e-'^-'zn), (5.15) 
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where Ai, . . . , A„ are positive integers. The moment map is given by the formula 

n 
/x(z) = J]; Ai|zi|V2 G M~g*. 

i=l 

For an integer k ^'Lwe denote by Vk the one dimensional representation of G = /S^ on which 
the element e*^ G G acts by 

e'^ : u ^ €-'''%, ueVk^C. 

Consider the line bundle Ek = Vk x M over M = C". It is a G-equivariant line bundle with 
the action of G given by 

e'^-(n,m) ^ (e^^^Ve^^ • m). 



Proposition 5.13. // G = S^ acts on C" by (fOSj) . i/ien 



/?°f(C",ii;fc) = 0, for all p>0, 



and H^' y (C", Ek) (m G Z) is isomorphic to the space of polynomials in zi, . . . ,Zn spanned by 
the monomials z™^ • • • z™" such that 



y XiTUi = m — k. 



i=l 



Proof. Let s : [0, oo) — )• [0, oo) be a smooth strictly increasing function such that for t > 1 we 
have s(t) = \/2t. A straightforward computation shows that s{t) is an admissible function for 
Ek- Thus the deformed cohomology Hs'*{C"',Ek) is isomorphic to the kernel of the deformed 
Dirac operator Dg = V^{ds + 9*), where 

ds = e~^ od o e^. 

This kernel is computed in [2_3j and [241 Prop. 3.2]. It follows from this computation that 
Hs'^{C"', Ek) is equal to for p > and is isomorphic to the space of polynomials in ^i, . . . , Zn 
spanned by the monomials z™^ 






n 



y ^ XiTYii = m — k 



4 = 1 



Since Hs'^(C^,Ek) vanishes for all but one value of p, it follows from Theorem 15.111 that s is 
F-regular for all V and, hence, H^''{M, E) = Hs''{M, E). D 

Remark 5.14. Recall that the Bargmann space L^q[(C",i') is the Hilbert space of holomorphic 
functions on C", which are square-integrable with respect to the measure u = i'^e~'^' ''^dzdz. 
The Bargmann space is usually considered as a quantization of C", cf., for example, [7], [U 
Ch. 6]. The monomials z™^- • -zj^" form an orthogonal basis for L^qj(C",z^), so that this space 
is the completion of the background cohomology space H^' {M,Ek)- 
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Remark 5.15. With a little more work and using the computations of [24j one obtain an analogue 
of Proposition 15.131 for the case when M is the total space of a holomorphic vector bundle over 
a Kahler manifold B on which G = S^ acts by fiberwise linear transformations. 

Remark 5.16. It is natural and very important to consider a more general action of G = S^ on 
C" given by 

e''' ■.{zi,...,zr,zr+i,...,zn) ^ (c"^ ^^^zi, . . . , c'^^'-^z,, 6^ ^'■+i^z,+i, . . . , e^^"^z„), (5.16) 

where Ai, . . . , A^ are positive integers. Unfortunately, the moment map for this action is not 
proper and we can not construct the background cohomology for such an action using the 
methods of this paper. In [4j we study the background cohomology in the case G = S^ and 
show that in this case it can be defined even if the moment map is not proper. In particular, 
we compute the background cohomology for the action (15.16P . 

6. Proof of Theorem 15.71 
In this section we construct the canonical isomorphism ^YiS2^ ^^- ^5.8p . 
6.1. A family of admissible function. Let si,S2 G J-" be admissible ^-generic functions. Set 

s{t) := si + ts2. (6.1) 

By Lemma |4.12^ s{t) G J-" for all t > 0. Consider the deformed Dirac operator 

D{t) = V2(a,(,) + a:(i)). (6.2) 

Let 

L20°''(M,S)^ := RomG{L2n'^'*iM,E),V)(E)V 

denote the ^/-component of the space of square-integrable differential forms. Let D (t) denote 
the restriction of D{t) to L20°''(M, E)^ . 
Set 

n^^'P := KevDit) r\L2n^'P{M,Ef, p = 0,...,n. (6.3) 

Then Ti^'^ is canonically isomorphic to Hj^. y^^^ ^^' 

The following proposition states that though D^{t) is a family of unbounded operators, its 
kernel behave like one would expect from the kernel of an analytic family of bounded operators. 

Proposition 6.2. There exists a discrete sequence of positive numbers ti,t2, ■■■ such that 

dim?^°'P = f3l^^y, p = 0,...,n, (6.4) 

for allt > 0, t 0{ti,t2,"-}- 

Furthermore, there exists a unique continuous family of orthogonal projections 

Pt: L2^^''{M,eY -^ L2n°''{M,E)^, t>0 

such that 

Im Pt = ?^°'', (6.5) 

for all t {ti,i2, •••}• 
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The proof, based on the Kato's theory of holomorphic family of operators ^^ Ch. VII], is 
given in Appendix lAl 
Set 

?i°'* := ImPi, t>0. (6.6) 

Then 

6.3. A map from % '^, ^ to % '' . for t2> ti. For t > consider the map 

^t-- L2^^'*{M,E) -^ L2n^''iM,E), ^j(q) := e-*^^^'^!'/^)^. 

For every ^2 > ^i ^ we have 

Hence, ^tj-ti induces a map of cohomology 

Clearly, if h > t2 > h > 0, then 

^t2,t3 ° ^ti,t2 = ^ti,i3- (6.7) 

Consider the map 

^t,,t, : n";;^) -^ fL%^y ^t,M ■■= Pt,o^t,~t,. (6.8) 

Note that if 5(^2) is ^-generic and h ^ Ti ',* s , then ^ti,t2ih) is the harmonic representative of 
the cohomology class of h. Hence, it follows from ()6.7p that if s{t2) and 5(^3) are ^-generic then 

^t2,t3°^tl,t2 = ^il,i3- (6-9) 

Proposition 6.4. For every t2 > ti > the map (16. 8p is bijective. 



We present a proof of the proposition in Subsection 16.71 after some additional constructions 
are introduced. 

6.5. A covariant derivative on Hf'^. We consider the collection of spaces Hf'' {t > 0) as a 
finite dimensional vector bundle over M>o. Let us define a connection on this bundle by 



Lemma 6.6. Fix hn G T-Ln' and set 



Vd/dMt) := Pt{h'{t) + S2h{t)). (6.10) 

t «.o ' '^" 



h{t) := <^o,t{ho) = Pt(e-*^^(l'^l'/2)/,o). (6.11) 

Then h[t) is aflat section, i.e., 

"^d/dtKt) = 0. (6.12) 
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Proof. It suffices to cfieck (I6.12p for generic t. Fix a ^/-generic to- Tlien tliere exists an e > 
sucli tliat all t G (to — £, to + ^) are ^-generic. It follows from (j6.9p that for t G (to, to + s) 

^o,t = ^to,t°^o,to- 
Thus there exists a function a : (to, to + e) — )■ L2^^'*{M, E)^ such that a(to) = and 

h{t) = Pi(e-(*-*«)^2(l'^l'/2)/i(to)) = e-(*-*°)^2(l'^l'/2)/,(to) + aia(t) 
Hence, 

h'{to) = -S2h{to) + {—l^^^dt)a{to) + dta{to) = -S2h{to) + dta'{to), 
where in the last equality we used a (to) = 0. We conclude that 

h'{to) + S2h{to) = dta'{to) 

and 

\7d/dMt) := Pt{h'it) + S2h{t)) = 0. 

n 

6.7. Proof of Proposition 16.41 By Lemma [6^ the map ^ti,t2 is equal to the monodromy map 
of the connection V. Hence, it is an isomorphism. D 

6.8. Proof of Theorem 15.71 By Proposition 16.41 the maps 
and 



^S2,Si+S2 ■ 'T-S2 ^ '^Si+S2 



are isomorphisms. Hence, the map 



^Si,S2 '■— ^S2,Si+S2 ° ^Si,Si+S2 '■ T~Ls* ^ ^52* 

is an isomorphism. 

Since si and S2 are F-generic, T-Ls* is canonically isomorphic to H^''y{M,E) (i = 1,2). We 
now set 

K,S2 ■■= ^s„s2- (6.13) 

It remains to show that ^YiS2 satisfies the cocycle condition (j5.9p . Let si, 82,83 ^ T he 
y- generic functions. From (j6.9p we conclude that 

^Sl+S2,Sl+S2+S3 ° '^51,51+52 = '^Si+S3,Si+S2+S3 ° ^Si,Si+S3- (6-14) 

Recall that for each 8 £ J- the map <&s,s+s (j = 1, 2, 3) is induced by the map 

To simplify the notation we will denote <&s,s-i-s by e~*^ . By permuting the indices 1,2,3 in (j6.14p 
we conclude that the following diagram commutes: 
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Hence, 




S1+S3 



'^S2,S3 O ^Si,S2 



$ 



S3,Sl+S3 ° *Si,Si+S3 



$ 



Sl,S3- 



n 



7. Proof of Theorem 15.91 

7.1. The case hf > /if. Suppose first that hf > /if. Then L2^^^'{M,Ei) C L2S7°'*(M, ^2)- 
This inclusion induces a map of cohomology 

i: H't'{M,E^) -^ H^''iM,E2). 

Since /I : M — t- g is proper there exists a compact set Ki C M and a smooth function 

k:[0,oo) -^ [0,00) 
such that 

on M\Ki. By Lemma WAT\ there exists r e T{M,g^'^ , E, hf + /if) with r > k. It follows from 
Remark ino] that r G J'{M,g^ ,E,hf) for i = 1,2. 

Assume now that s is ^-generic for both bundles Ei and £'2- Then it fohows from Proposi- 
tion [62] that there exists t > 1 such that s + tr is also ^-generic. From (j7.ip we conclude that 
for any a e L2^^'' {M , E2) 



-tr(|/I|2/2) 



a E L2^^'%M,Ei). 



Since 



ds+tr o e 



-tr(|ji|V2) ^ e"*^^!'^!'/^) o a 



the multiplication by e *'^(''^l /^) defines a map 

g-MI/iP/2)^ ^o,.(^^^^) ^h'^^'^M,E,). 
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By Theorem 15.71 the map a i— )• e~*'^a induces isomorphisms 

$,,,+t, = e-*^ : HYiM, E,) -^ H%r{M, E^), i = 1,2. 
Since s and s + tT are ^/-generic for the bundles Ei and E2, we get an isomorphism 

^s,s+tr = e-*" : ^bgV(M, Ei) -^ ^bgV(M, E,), i = 1, 2. 
Thus we obtain a commutative diagram 
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Hl'^'y{M,E,) 



-> 



rO,« 



H^^'^'y{M,E2) 



V 



Y 



<gV(^'^l) 



-^<g'^,(M,i?2) 



Since the vertical arrows in this diagram are isomorphisms, it follows that horizontal arrows are 
also isomorphisms. 
We now set 

©If^f ■■= i:Hl'-y{M,E,) -^ Hl'-y{M,E2). 

7.2. Proof of Theorem [579] in the general case. Set h^ = hf + /if. Then h^ > hf 
(i = 1,2). By Theorem 15.71 it is enough to prove Theorem 15.91 for the function 

s G J^{M,g^',E,h^)c J^{M,g^\E,hf) n J^{M,g^',E,hf). 



For such s the map 

®/if hf •= (®hf hs) ° ®hfhE 
is an isomorphism. The proof that it satisfies the cocycle condition ()5.12p is a verbatim repetition 
of the arguments in Subsection 16.81 . D 



8. The Kodaira-type vanishing theorem 

Let L be a holomorphic line bundle over M and let V^ be a holomorphic connection on L. 
Recall that L is called positive if the curvature F^ = (V^)^ of V^ is positive, i.e. 

F^{v,v) > 0, for all veT^'^M. (8.1) 

The purpose of this section is to prove the following analogue of the Kodaira vanishing theorem: 

Theorem 8.1. Let L be a G-equivariant positive line bundle over a tamed Kdhler G-manifold M . 
For any holomorphic G-equivariant vector bundle E over M and any irreducible representation 
V G Irr G, there exists an integer ko > 0, such that for all k > k^ the V -component of the 
background cohomology 

Hlly{M,E®L^^) = 0, 

for all p > 0. 
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The rest of this section is occupied with the proof of Theorem 18.11 First we explain the main 
idea of the proof. 

8.2. The plan of the proof. In Lemma 18.81 we show that there exists a function s which is 
admissible for Ek = E ® L®^ for all A: G N. Let Dk : n^^'{M,Ek) -^ n^''{M,Ek) denote the 
Dolbeault-Dirac operator and let Dg^k denote its deformation. A direct computation shows that 
(cf. Lemma ElOl) 

Dl, = Dl + Tf.^k -2iVj^, 

where 7/^ ^ is a zero order operator and V^'' is the connection on S^ = E^ A*(T^'^M)*. The 
operator Vr* is a first order differential operator, but for each V € Irr G its restriction to the 
1/^-component Q^'*{M,Ei:)^ of Q^'*{M,Ek) is a zero order operator. It follows that there exists 
a function ry : M — )• R such that 

Ds^k\no.'{M,Ek)v > Dklno,' {M,Ek)^ +rv- (8.2) 

In Lemma 18.111 we show by a direct computation that there exists a compact set Ki C M such 
that for all x Ki, we have rv{x) > ||-B(2;)|| + 1, where B{x) is the bundle map defined in the 
Bochner-Kodaira formula (18. Sp . Then in Subsection 18.121 we use the Bochner-Kodaira formula 
and (18. 2p to show that for large /c G N 

Dlk\no.-(M,Ek)v > 1, for aU p > 0. 

The regularized cohomology H^y{M,E L®^) is isomorphic to the kernel of D1^\qp,pI]^^^e\v 
and, hence, vanish for p > 0. The theorem follows now from the fact that 

d\xnHlly{M,E®L^^) < dimF°;|;(M,E L®'^). (8.3) 

We now present the details of the proof of Theorem 18.11 

8.3. The Dolbeault-Dirac operator on E0L^ . Choose a Hermitian metric h on E and a 
Hermitian metric h^ on L. For A; E N let ii^^ = E(^L®^ and let h^'' denote the Hermitian metric 
on E'fc induced by h^ and h^ . Let V^ and V^ denote the holomorphic Hermitian connections 
on E and L and let V '■' be the induced connection on E^- We denote by 

Dk := V2{d + d*) : n^''{M,Ek) ^n°''{M,Ek) 

the corresponding Dolbeault-Dirac operator on anti-holomorphic differential forms with values 
in E^. Set 

£k ■■= Sfc®A*(T°'^M)*. 

The space ^^''{M,Ek) of anti-holomorphic forms with values in E^ is isomorphic to the space 
T{M,£k) of smooth sections of £k. Let 

y£fc — ySfc 1 + 10 \jLC 
denote the connection on S^ induces by V *" and the Levi-Civita connection V on A' (T^'^ M)* . 
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8.4. The action of F . Consider an endomorphism \{F ) of £k defined by the forniular (cf. 

mm) 

X{F^)a = ^F^{wi,Wj)wiALw^{a), a e £k, (8.4) 

hj 
where {wi, . . . , Wn} is an orthonormal basis of T^'^M. 

The positivity assumption (18. ip immediately imphes (cf. for example formula (1.5.19) of [13J) 
the following 

Lemma 8.5. For allp > the restriction of \{F^) to the space Q^'P{M, Ej^) is a strictly positive 
operator 

8.6. The Bochner-Kodaira formula. It follows from the Bochner-Kodaira formula [H The- 
orem 3.71], that 

Dl = A°'^ + kX{F^) + B, (8.5) 

where 

A°'' = (V°'i)*V°'i 

is the generalized Laplacian on S^ and B G End (Sk) is independent of k. 

8.7. Admissible functions for E^. For u G g let n denote the corresponding vector field on 
M, cf. (I32D. We denote by £^, Ci\ and C{^ the infinitesimal action of u on T{M,£), T{M,£k), 
and T{M,L) respectively. As in Subsection 13.51 we set 

/Hu) := Vi'-Ci^ /.^(u) := V^-£^. (8.6) 

Then 

/Hu) = /(u) + kfi^iu). (8.7) 

By Kostant formula ([E], |2H (1.13)]) the moment map // is related to fi^ by 

/i^(u) = 27ri(/i,u). (8.8) 

Combining (18. 7p and (18. 8p we obtain 

/i^'=(u) = /i^(u) + 2iTki{fi,\i). 
In particular, when u = v is given by ()4.ip . we obtain 

/'=(v) = /(v) + 27rfcf|v|2. (8.9) 

Hence, from ()8.6|) we get 

V^*^ = C^>^ + /(v) + 27rA;i|v|2. (8.10) 

Lemma 8.8. There exists a function s : [0, oo) — ?■ [0, oo) with the following properties: 
(i) it is admissible for Ek for all k G N; 
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(ii) there exits a compact set K C M such that for all x £ M\K 



fix) := s'{Hx)f/2) > ^'"f;"i,"+' . (8.11) 



Here B £ End (S) C End (Sk) is defined in (l83]) . 

Proof. Fix a function r : M — )• [0, oo) with lim.M3x^oo Tix) = oo. By Lemma [4. Ill we can choose 
a function s admissible for {E, h^) such that for all x G M\K 



2 ^2\\B{x)\\ + 2 



m := /(|,WlV2) > max{^r(.). ^7nr }^ («^'2' 

•- |v(xj|^ \v[x)\ J 

Let i^ be as in ()3.4p and let 

'^fc = |v| + liv^^vii + ll/Hv)!! + It-I + 1- 

Then from ([8^ and (J8?T2]) we obtain 

T 

Hence, 

\df\\v\+fu, + l - \df\\v\+fi. + l + '-^^^ ^^'^^' 

Using (I4.6J) and the fact that limMgx^oo ''"(2;) = 00, we conclude from (I8.13J) that 

MBx^oo \df\\v\ + /z^fc + 1 



n 



8.9. Deformation of D^. Let s be a function admissible for E^ for all /c G N and let (j){x) 

s(|/i|V2). Let 

D,,fc := ^/2(a, + a:) : [70''(M,Sfe) ^O0''(M,^fc), 
where as in (15.11) 



a,a = e-'l' o d o e'f' a = da + /5( |/x|V2) A a, a E 0°'*(M,^fc). 

Consider the operator 

Au = Y,c{ei)ciV^%): £k -^ £k. (8.14) 

Lemma 8.10. The following equality holds 



D 



2 _ 7~i2 , f2|„.|2 
;,fc 



Di + rl^r + iAf^ - 2iVf^. (8.15) 



The proof of the lemma is a straightforward calculation, cf. [3i Lemma 9.2] or ^21^ Theo- 
rem 1.6]. 
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Lemma 8.11. Let s he the admissible function constructed in Lemnia \8.8[ . There exists a smooth 
function ry '■ M ^ R. and a compact set Ki C M such that 

rv{x) > \\B{x)\\ + l. (8.16) 

for all X G M\Ki and 

Proof. Since ||c(7;)|| = \v\ and ||c(ej)|| = 1, we have 

P/.ll < ^ ||V^C(/^;)|| < C(|d/Ib|+/||VLS||), (8.18) 

i 

for some constant C > 0. 

For u G g let £^ : V ^ V denote the action of u on V. Then there exists a constant cy such 
that for any G-invariant scalar product on V we have 

ll-^ull < Cl/|u|. 

Consider the space 

J]0''(M,^fc)^ = r{M,£k)^ := i{omG{r{M,£k),V)(S)V. (8.19) 

The restriction of the operator Cu to r(M, f^)^ decomposes as Cu = I® C^- Hence 

||^u'=lr{MA)^ll ^ cy|u|. (8.20) 

Combining, (l8l^ . (I8l8]> . (18:2(1 and (IHlil . we obtain 

+ f\v\^ - Xv[\df\\v\ + /(|v| + ||/(v)|| + ||vLCx;||)) + 47rA:/|v|2, (8.21) 
where Ay = max{l,cy, C}. Set 

rv ■■= f^\v\^ - Xv(\df\\v\ + /(|v| + ||/(v)|| + ||VLS||)) + 47rA:/|v|2. 



Then ()8.2ip is equivalent to ()8.17p . From (j4.6p we conclude that there exists a compact set 
Ki C M such that 

rv{x) >^f\x)\v{x)\^ (8.22) 

for X Ki. 

Let K be the compact set defined in Lemma 18.81 We can assume that Ki D K. Then the 
inequality (f8l^ follows form (ISTTD . D 
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8.12. Proof of Theorem 18. IL From Lemma 18.51 we see that for large enough integer k, for 
every x £ Ki, and for every p > 

kX{F^){x) + B{x) + rv{x) > 1. 

From Lemmas 18.51 and 18.111 we conclude that for any A; > and x Ki we have 

kX{F^){x) + B{x) + rv{x) > B{x) + rv{x) > 1. 

Combining these two inequalities with the Bochner-Kodaira formula (18. 5p and Lemma 18.111 we 
conclude that for p > 

9 I • I 

Ds,k\no,'{M,Ek)^ > ^k \no,p{M,E^:)y + 1 > 1. 
Hence, 

Ker-D^^fc|s^o,p(M,£;fc)v = 0, for all p > 0. (8.23) 

The space H^'^y{M^ E^) is equal to the cohomology of the complex (^Q,^'*{M, E^)^ ,ds) ■ Thus 

H^'^y{M, Ek) is isomorphic to the kernel of the restriction of D^,^ to fi°'P(M, Ek)^ . Theorem O 
follows now from ^?m and dOJ. ' D 

Appendix A. Dependence of the spectrum of Dg on s 

In this appendix we study the spectral properties of the family of operators D^ (t) introduced 
in Subsection 16.11 and prove Proposition 16.21 Throughout the appendix we use the notation 
introduced in Section [H 

A.l. Small values of t. We start with showing that the admissible function s{t) are F-generic 
for small t. 

Lemma A. 2. There exists 6 > such that for all t G [0, 5) we have 

dimKerL>^(t) = dim Hl''y{M, E). (A.l) 

Moreover, Pf (t G [0, 5)) is a continuous family of projections. 

Proof. It is shown in the proof of Proposition 10.5 of [^3j that the spectrum of D^ (t) is discrete. 
Hence, there exists an e > such that 

^''(O)'lim(id-Po) > ^- (A-2) 

The same argument as in the proof of Lemma 18.111 shows that there exists a compact set 
K C M and a smooth function rv{x) such that rv{x) > 1 for all x G M\K and 

D^{tf > D^iOf +trv{x). 

Thus there exists m > such that rv{x) > —m for all x £ M. Then 

D^{tf > D^{Of-tm. (A.3) 

Set 

5 := ^. 

2m 
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Combining (1A.2[) with ()A.3|) we obtain 

Hence, 

dimKerZ)^(t) = dimKev D"^ (tf < dimKerD^(O), t£[0,6) 

Since s is a ^/-generic function 

dimKerL>^(0) = dim H^''y < KerD^{t) 

for all t. Hence, we obtain (jA.ip . 

Let 7(t) = fe*"^. Then there are no non-zero eigenvalues of D (t)^ on or inside 7 for all 
t G [0,^). Hence, 

depends continuously on t. D 

A. 3. Continuity of Pt for t > 0. We now study the dependence of the spectrum of D^ {t) 
on t for t > 0. First, we show that D (t)^ is a holomorphic family of operators. For this we 
represent 

D^(t)2 = D^itof + {t-to)Si + {t-tofS2 

and apply Theorem 4.12 of [10, Ch. VII]. We now make this argument more precise. 

Lemma A. 4. The family of operators Dy{t)^, t > is a holomorphic family of type (B) in the 
sense of Kato ^ Ch. VII §4.4]. 

Proof. Fix io > and let 

/, := sKIa^IV2), i = l,2 

As in Lemma 18.111 one shows that there exists a smooth function ry : M ^"E. such that 

D^(to)' = D^'iQf + rv{x) (A.5) 
and 

rv{x) > \f2{xf\v{x)? (A.6) 

for all X outside of a compact subset of M (the last inequality is obtained the same way as 

(IS21). 

Set 

ai := vna^i -f2{xf\v{x)\'^ -rv{x) 



x&M \ 2 

Then it follows from (jA.Sp that for every form uj in the domain of D^ {Q)"^ we have 

{D^{t,fio,io) > f^f,(x)Mx)\'-aA M'. (A.7) 

As in Lemma 18.101 one shows that 

D^{tf = D^itof + {t-toffl\v\^ + i{t-to)Af,, - 2i{t-to)V%^, (A.8) 
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where £ = E® A.'iT^^^M)*. Set 

Si ■= Af^^-2iVf^.,\^o,.^j^j^j^y S2 := f2\v\ ■ 

Then 

D^'itf = D^'itof + it -to) Si + {t-tofS2. (A.9) 

From ()A.7p we obtain 

\{S2UJ,uj)\ < 2{D^{tofu;,u;) + 2ai\\ujf, (A.IO) 

for every uj in the domain of D (to)'^. 

It is shown in the proof of Lemma 18.111 that Si is a bundle map and that there exists a 
compact set Ki C M and a constant Ay such that 

||5i(x)|| < Xv{\df2\\v\ + /2(|v| + ||/(v)|| + ||vLC„|| 

for all X Ki. From ()4.6p we now conclude that there exists a compact set iT D -ffi such that 

||Si(x)|| < lfl{x)\v{xr 

for X ^ K. Set 

a2 := max II Si (x) II, 

then 

Comparing with ()A.7p and setting a = oi + 02 we obtain 

\{Si{x)uj,uj)\ < a\\ujf + {D^{tofu},u}), (A.ll) 

for all UJ in the domain of D^(to)^- 

Combining (|A.9p with (|A.10p and (lA.lip and using Theorem 4.12 of [TQI Ch. VII], we conclude 
that there exist an e > such that D (t)'^ is a holomorphic family of operators of type (B) on 
the interval (to — e,to + e). Since this result holds for every t > the lemma is proven. 

A. 5. Proof of Proposition 16. 2L Since D^{t)'^ is a holomorphic family of type (B) for t > 0, 
the eigenvalues of D^ {tY depend analytically on t > by the result of Section VII. 4. 6 of jTO] . 
It follows that there are finitely many eigenvalues of D^ {t)"^ which a identically equal to zero 
and a discrete sequence of positive numbers ti, ^2, ••• such that the rest of the eigenvalues do not 
vanish for t {^1,^27 •••}• Moreover, the eigenfunctions corresponding to zero eigenvalue also can 
be chosen to be analytic functions of t. Let Pt denote the orthogonal projection onto the span of 
these eigenfunctions. Then Pt (t > 0) is a holomorphic family of projections and, in particular, 
depends continuously on t. Combination of this result with Lemma I A. 2 1 proves Proposition 16.21 

D 
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